A Critical String Theory in (3+1)+4 Dimensions with Three Generations of
  Fermions of the Standard Model and sterile right-handed neutrinos by Bhattacharyya, J. S.
ar
X
iv
:1
30
8.
04
02
v1
1 
 [h
ep
-th
]  
2 A
pr
 20
19
A Critical String Theory in (3+1)+4
Dimensions
J.S.Bhattacharyya
Kanchrapara College,
Kanchrapara, 743145,
India
E-mail:jtskhrbhattacharyya@gmail.com
April 3, 2019
Abstract
We assume that a string moves in an eight dimensional target space
that can be divided into the physical four dimensional Minkowski space
and a four dimensional Euclidean internal space that can be identified
with gauge symmetries and there are two N = 1 local supersymmetries
on the world-sheet, one applicable to the world-sheet bosons and fermions
belonging to the physical space and the other to those belonging to the
internal space. We gauge-fix the world-sheet action, anti-normal order
the contributions of the physical fermions living on the world-sheet to
the Virasoro algebra by placing creation operators of the fermions to the
right of the annihilation operators and normal order the rest. This changes
sign of the contribution of the world-sheet physical fermions to the central
charge and cancels the Virasoro anomaly of the full theory. The spectrum
is very similar to the N = 1, D = 10 theory, but has some differences also.
The ground state in the fermionic sector of open strings is a massless Dirac
spinor of the (3+1) dimensional Minkowski space and the corresponding
state in the bosonic sector is a massless vector. So the spectrum is not
supersymmetric. The Standard Model turns out to be the maximal choice
of gauge symmetries and the number of fermion generations is three. We
presented a brief outline of events leading to a possible break down of
SU(2)L gauge symmetry. Here self interactions of otherwise decoupled
tachyons play an important role.
Keywords: Virasoro algebra, string
1
Careful computation of the commutators of fermionic currents in a
quantum field theory reveals that they do not always have the form
anticipated from naive manipulations. Additional terms usually called
the Schwinger terms (ST) are to be expected in all current algebras
[1–4].Though apparently incompatible results were reported sometimes,
the existence of two solutions for the ST different in sign only, seems to
be a distinct possibility [5–18].
These STs arise due to the short distance singularities of the current -
current correlation functions and can be computed in many ways as dis-
cussed in the literature. The oldest among them is the canonical method.
This is what we pursued in [19] and demonstrated explicitly with two-
dimensional models that if the positive energy states of a fermion are
filled instead of the negative energy states, the Schwinger terms in the
corresponding current algebras including the Virasoro algebra [20] will
change sign. This corresponds to anti-normal ordering of the current-
current commutators. Creation operators of the fermions are placed to
the right of the annihilation operators in this case.
We assume that a string moves in an eight dimensional target space
that can be divided into the physical four dimensional Minkowski space
and a four dimensional Euclidean internal space that can be identified
with gauge symmetries and there are two N = 1 local supersymmetries
on the world-sheet, one applicable to the world-sheet bosons and fermions
belonging to the physical space [21,22] and the other to those belonging to
the internal space. So the gauge-fixed world-sheet action can be written
as
1
π
∫
d2σ(c+∂−b++ + c
−∂+b−− + ∂+X
µ∂−Xµ + ∂−X
µ∂+Xµ (1)
+∂+X
A∂−X
A + ∂−X
A∂+X
A + ψµ+∂−ψµ+ + ψ
µ
−∂+ψµ−
+ψA+∂−ψ
A
+ + ψ
A
−∂+ψ
A
−
+β1−3/2∂−γ
1
1/2 + β
1
3/2∂+γ
1
−1/2 + β
2
−3/2∂−γ
2
1/2 + β
2
3/2∂+γ
2
−1/2)
Here µ refers to the physical space, A to the internal space and 1 and 2 to
the species belonging to the physical and the internal spaces respectively.
If we anti-normal order the contributions of ψs to the Virasoro algebra
and normal order the rest, the anomaly will cancel, because 2[4(1−1/2)+
11] − 26 = 0, where the central charge for the ψs is −1/2 instead of 1/2
in this case.
To see it in more detail we write the affine Virasoro algebra for each
2
component as
[Lα
µ,A
m , L
αµ,A
−m ] = 2m : L
αµ,A
0 : +
m3 −m
12
(2)
[Lcm, L
c
−m] = 2m : L
c
0 : −26m
3 − 2m
12
[Lγ
1,2
m , L
γ1,2
−m ] = 2m : L
γ1,2
0 : +
11m3 +m
12
[Lb
µ,A
m , L
bµ,A
−m ] = 2m :: L
bµ,A
0 :: −m
3 −m
24
in the bosonic sector of the open string, where :: :: is the symbol of
3
anti-normal ordering.1
1
ψ+ =
∑
bke
−ik(τ+σ)
Where
{bk , bk′} = δk+k′
So the component of the energy momentum tensor
T++ = ψ+∂+ψ+
with the modes
Lk =
∑
qbk−qbq
Thus
[Lk, L−k] =
1
4
∑
qq′[bk−qbq , b−k−q′bq′ ]
Now,
[bk−qbq , b−k−q′bq′ ]
= bk−q{bq , b−k−q′}bq′ + b−k−q′bk−q{bq , bq′}
− {bk−q , b−k−q′}bqbq′ − b−k−q′bq{bk−q , bq′}
= bk−qbq′δq−k−q′ + b−k−q′bk−qδq+q′
− bqbq′δq+q′ − b−k−q′bqδq−k−q′
So
[Lk, L−k] =
1
4
∑
[q(q − k)(bk−qbq−k − b−qbq)
+ q2(bqb−q − bq−kbk−q)]
We write it as
[Lk, L−k] = : [Lk, L−k] : +A(k)
= 2k : L0 : +A(k)
where the Virasoro anomaly
A(k) =
1
4
[(
∑
q<k
−
∑
q<0
)q(q − k)
+ (
∑
q>0
−
∑
q>k
)q2]
Assuming that q is half integral
A(k) =
1
4
k− 1
2∑
q= 1
2
q(2q − k)
=
1
4
k∑
n=1
(n−
1
2
)(2n − 1− k)
=
k3 − k
24
We can also write
[Lk, L−k] = :: [Lk, L−k] :: +A
′(k)
= 2k :: L0 :: +A
′(k)
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Combining all the contributions of the individual components we get
[Lm, L−m] = 2m(: L
α
0 : + :: L
b
0 :: + : L
c
0 : + : L
γ
0 :) (3)
+
2[4(1 − 1
2
) + 11]− 26
12
m3
− 2[4(1 −
1
2
)− 1]− 2
12
m
= 2m(: Lα0 : + :: L
b
0 :: + : L
c
0 : + : L
γ
0 :)
in the bosonic sector. Here Lα0 =
∑
µ,A L
αµ,A
0 , L
b
0 =
∑
µ,A L
bµ,A
0 , L
γ
0 =∑
i L
γi
0 ,
The above equation is not suitable for low lying states. We should
write it in terms of : Lb0 : rather, instead of :: L
b
0 ::. When the anomaly
cancels and the canonical commutation relations are well-defined, the in-
finite normal-ordering constants can be regularized with a ζ-function in
two-dimensions [23] to yield
:: Lb0 :: = : L
b
0 : −2.2.4. 1
48
(4)
= : Lb0 : −1
3
We assume that a physical state is annihilated by all the modes of the
anti-ghost b. It is a state that contains no ghosts, but is completely filled
with anti-ghosts. So it can’t be annihilated by any modes of the ghost c.
Hence, BRST quantization [24–26] is not possible in this case. We shall
also assume that a physical state is annihilated by Lγ0 (and not : L
γ
0 :).
We bosonize a (β, γ) system to get the action
S =
∫
d2σ
√
h(− 1
2π
∂αϕ∂αϕ− i
4π
KϕRϕ+
1
2π
∂αχ∂αχ− i
4π
KχRχ) (5)
whereKϕ = 2 and Kχ = −1. Writing ϕ = iϕ′ and Kϕ = −iKϕ′ , we get
S =
∫
d2σ
√
h(
1
2π
∂αϕ′∂αϕ
′− i
4π
Kϕ′Rϕ
′+
1
2π
∂αχ∂αχ− i
4π
KχRχ) (6)
Now that ϕ′ and χ both have positive kinetic energy, they can be fermion-
ized meaningfully [27–31]with one set of fermions satisfying periodic bound-
ary conditions and the other set of fermions satisfying anti-periodic bound-
ary conditions to yield the correct value of the zero-point energy. We note
where
A′(k) =
1
4
[(
∑
q>k
−
∑
q>0
)q(q − k)
+ (
∑
q<0
−
∑
q<k
)q2]
= −
k3 − k
24
So A′(k) = −A(k)
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that the Virasoro anomaly for the (ϕ′,χ) system is 1−3K2ϕ′+1−3K2χ = 11
to check on consistency. Drawing an analogy with the (b, c) system, we
can then say that a physical state annihilated by Lγ0 should be filled com-
pletely with the resultant anti-fermions, but contains no fermions (absolute
vacuum and not the Dirac sea).2
So we should write Lc,γ0 instead of : L
c,γ
0 : in (3), but
Lc0 =: L
c
0 : +
1
12
(7)
Lγ0 =: L
γ
0 : +2.
1
24
(8)
Substituting (4),(7)and(8) in (3) we get
[Lm, L−m] = 2m(: L
α
0 : + : L
b
0 : +L
c
0 + L
γ
0 −
1
2
) (9)
= 2m(L0 − 1
2
) (10)
where
L0 =: L
α
0 : + : L
b
0 : +L
c
0 + L
γ
0 (11)
is the effective Hamiltonian of the system.
In the fermionic sector we assume for simplicity that both the fermionic
species satisfy periodic boundary conditions. Thus
[Ld
µ,A
m , L
dµ,A
−m ] = 2m :: L
dµ,A
0 :: −m
3 + 2m
24
(12)
and
[Lm, L−m] = 2m(: L
α
0 : + :: L
d
0 :: + : L
c
0 : + : L
γ
0 : −
1
2
) (13)
Now,
:: Ld0 :: = : L
d
0 : +2.2.4.
1
24
(14)
= : Ld0 : +
2
3
Substituting (7),(8) and (14) in (13) we get
[Lm, L−m] = 2mL0 (15)
where
L0 =: L
α
0 : + : L
d
0 : +L
c
0 + L
γ
0 (16)
is the effective Hamiltonian of the system. We assume that the modes
of the superconformal ghosts are half integral both in the bosonic and the
fermionic sectors.
2Due to short distance singularities the ghost number Uc → Uc − 1/2 = 1/2 − 1/2 = 0.
Similar arguments can be used for Uγ also.
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Let us concentrate on the bosonic sector first. As the ghosts do not
contribute, physical state conditions in this case can be written as
(L1,matterm − 12 δm) |φ〉+ L
2,matter
m |φ〉 = 0 (17)
for m ≥ 0. To get a reasonable spectrum we assume that
L2,matterm |φ〉 = 0 (18)
Hence
(L1,matterm − 12δm) |φ〉 = 0 (19)
From(18)
L1,2,matter2r |φ〉 (20)
= (G1,2,matterr )
2 |φ〉
= 0
for r > 0. So we can safely write G1,2,matterr |φ〉 = 0 (equation of mo-
tion) in this case, where G1,2,matterr are the half integral modes of the
supercurrents G1,2,matter = ψµ,A+ ∂+Xµ,A+. Since from (18)
L2,matter0 = α
′q2 +N2 (21)
= 0
where qA is the momentum conjugate to XA and N2 the number operator
for the second species, q = N2 = 0, as the internal space is Euclidean.
Thus the ground state will be a tachyon with emission vertex
eiϕeip.X (22)
where pµ is the momentum conjugate to Xµ. The first excited state will
be a photon with emission vertex
eiϕψµζ
µeip.X (23)
and so on and so forth. Here ϕ belongs to the (β1, γ1) system. We expect
that bosonic vertices are bosonic and fermionic vertices are fermionic [32,
33]. So tachyons decouple and interact only among themselves. The string
propagator (L10 − 1/2 + L20)−1 in the expression for tree amplitudes can
be expanded in powers of L20/(L
1
0 − 1/2). The L20 can then be brought
past the subsequent vertices until it annihilates the physical state at the
right end of the tree. Here L20 includes contributions of the matter and the
superconformal ghosts belonging to the second species and L10 includes the
matter and the superconformal ghosts belonging to the first species and also
the reparametrization ghosts. So L20 can be put strongly equal to zero and
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the situation is very similar to the N = 1, D = 10 theory. Tree unitarity
is ensured by decoupling of spurious states from a physical tree as usual.
In the fermionic sector
L1,matterm |φ〉+ L2,matterm |φ〉 = 0 (24)
for m ≥ 0. Again we assume that
L2,matterm |φ〉 = 0 (25)
So
L1,matterm |φ〉 = 0 (26)
Hence
F 1,2,matterm |φ〉 = 0 (27)
where F 1,2,matterm are the integral modes of G
1,2,matter in the fermionic
sector. The condition F 1,matter0 |φ〉 = 0 corresponds to the Dirac equation
for the ground state massless spinor with emission vertex
V = eiϕΘ10,1;±Θ
1
2,3;±Θ
2
1,2;±Θ
2
3,4;±e
ip.X (28)
V = eiϕΘeip.X
The zero-mode condition F 2,matter0 |φ〉 = 0 is trivial in this case. Here
Θ10,1;± and Θ
1
2,3;± are the spin operators for the pairs (ψ
0, ψ1) and (ψ2, ψ3)
belonging to the first species and Θ21,2;± and Θ
2
3,4;± are the spin operators
for the pairs (ψ1, ψ2) and (ψ3, ψ4) belonging to the second species [34–38].
Θ is the product of the spin operators. The product Θ10,1;±Θ
1
2,3;± repre-
sents the four-fold degenerate massless Dirac spinor of the (3+1) dimen-
sional Minkowski space and the four states corresponding to the product
Θ21,2;±Θ
2
3,4;± can be identified with the two leptons and the two quarks of a
particular generation and not the gauginos. We can define the dimension-
less picture changing operators Γn = e
−inϕG∂G...∂n−1G as in the N = 1
theory and insert them and the dimensionless fermionic operator e−iχ at
suitable points on a tree to take care of the spin-statistics theorem and the
total ghost-number anomaly that can be made to vanish after SL(2, R)
gauge fixing of tree amplitudes by replacing (ϕ2, χ2) with (−ϕ2,−χ2) in
the bosonized action(5) for the second set of super conformal ghosts. For
example, from (28) the SL(2, R) gauge fixed massless spinor ground state
in the fermionic sector of the open string can be written as
c1e
−iχ0eiϕ0eip.xΘ |0〉 (29)
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and the amplitude for Compton scattering is
〈0|Θc−1e−iχ0eiϕ0eip.xc0eiϕψ.ζeip.X(L10)−1e−iχΓ1eiϕψ.ζeip.X (30)
c1e
−iχ0eiϕ0eip.xΘ |0〉
= 〈0|Θc−1e−iχ0eiϕ0eip.xc0eiϕψ.ζeip.X(F 10 )−1e−iχψ.ζeip.X
c1e
−iχ0eiϕ0eip.xΘ |0〉
We shall arrive at the same result if ψµ satisfies periodic boundary condi-
tion but ψA satisfies anti-periodic boundary condition, as will be explained
in the next paragraph. The spectrum is obviously not supersymmetric and
the gravitino vertex operator can’t be defined consistently in the closed
string sector.
So, the strings are oriented and the gauge groups should be unitary.
The internal space is a CP 2 to define the maximal gauge symmetry SU(3)C
over it [39, 40] and the physical states are color singlets as q = 0. The
four world-sheet Majorana spinors belonging to the internal space can be
bosonized for the two coordinates X ′A on a S2 to define the maximal gauge
symmetry SU(2)L on it. Thus the number of fermionic generations will
be 3.2/2=3.3 If ψA is bosonic instead of fermionic in the fermionic sec-
tor L2,matter0 |φ〉 = α′q2 + N2 = 1/4. So N2 = 0 and q2 = 1/2. Now
two XA’s should be able to be fermionized with q = ±1/2 to get four
Majorana spinors satisfying periodic boundary conditions together with
the two remaing XA’s and the two X ′A’s with integral momenta. But
3 Betti Hodge numbers for S2 or CP 1
bp,q =
[
1 0
0 1
]
and for CP 2
bp,q =

 1 0 00 1 0
0 0 1


So for CP 2 ⊗ CP 1
bp,q =


1 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1


This after proper addition of cells becomes
bp,q =


1 0 0 1
0 3 0 0
0 0 3 0
1 0 0 1


as the manifold is simplicial. Thus CP 2 ⊗ CP 1 is a Calabi-Y au manifold corresponding to
three generations of fermions.
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an extra dimension compactified to a circle about the size of the string
coupling [41–45] will be needed for the definition of the remaining U(1)Y
symmetry of the SM.
Finally we should at least present a brief outline of events leading to
a possible break down of SU(2)L gauge symmetry and related matters.
Interactions among tachyons leave room for the system to choose a
new vacuum having a lower energy [46–50] and liberate the extra energy
as a cosmological constant Λ, however small it may be. This breaks the
conformal invariance of the world-sheet action. To see how things work,
we consider dimensional regularization of the action for the non-linear
σ-model [51, 52] in n = 2(1 + ǫ) dimensions and take the limit ǫ → 0.
Thus,
S = − 1
4πα′
∫
dnσ
√
hhαβ∂αX.∂βX (31)
= − lim
ǫ→0
1
4πα′
∫
dnσeǫφ∂X.∂X
= − lim
ǫ→0
1
4πα′
∫
dnσeǫφgµν∂X
µ.∂Xν
= − lim
ǫ→0
1
4πα′
∫
dnσeǫφ(ηµν − 1
3
Rµρνσx
ρxσ)∂Xµ.∂Xν
= − lim
ǫ→0
1
4πα′
∫
dnσ[∂X.∂X − 1
12ǫ
Rµν∂X
µ.∂Xν(1 + ǫφ)]
= − lim
ǫ→0
Λ→0
1
4πα′
∫
dnσ[∂X.∂X − 1
12ǫ
Ληµν∂X
µ.∂Xν(1 + ǫφ)]
= − lim
ǫ→0
Λ→0
1
4πα′
∫
dnσ[(1− Λ
12ǫ
)∂X.∂X − 1
12
Λφ∂X.∂X]
= − lim
ǫ→0
Λ→0
1
4πα′
∫
dnσ[(1− Λ
12ǫ
)∂X.∂X + µ2Λφ0]
= − lim
Λ→0
1
4πα′
∫
d2σ[(1− a)∂X.∂X + µ2Λφ0]
where µ is an arbitrary mass parameter and a is an arbitrary constant.
We replaced hαβ by ηαβe
φ in the second line, used Riemann normal coor-
dinates to write gµν = gµν(X) = ηµν− 13Rµρνσ(X0)xρxσ in the fourth line
(X = X0+x are locally inertial coordinates at X0) and put Rµν = Ληµν in
the sixth line of the equation. The factor (1− a) in the last line changes
the Regge slope from α′ to α′/(1 − a). An arbitrary constant shift of
φ0 allows the zero-point energy of the string to be changed to any suit-
able value. This means the lowest lying states are not always massless or
color singlets, if it was so earlier. Since only the sub-algebra OSp(1/2) of
the super-Virasoro algebra is anomaly free, only the lowest lying scalar,
spinor and vector states can be defined in a physically meaningful way
in the open string sector in this case. For example, the vertex operator
10
for the emission of the non-tachyonic scalar ground state V = eip.X with
p2 = −2(say) will have the correct conformal dimension [α′/(1−a)]p2 = 1,
if a = 2. The vertex operators for other massive states can be constructed
in a similar way under the changed circumstances. It is obvious that a = 1
for massless states.
I thank G.Bhattacharya for his valuable suggestions and comments.
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